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Abstract In this article, we study the generalised Kudryashov method for the
time fractional generalized Burgers-Fisher equation (GBF). Using traveling
wave transformation, the time fractional GBF is transformed to nonlinear
ordinary differential equation (ODE). Later, in the nonlinear ODE of time
fractional GBF, the generalized Kudryashov and power series method is
applied to get exact solutions.
Keywords Time fractional differential equation · Nonlinear differential
equation · Generalized Burgers-Fisher equation · Kudryashov method · Power
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1 Introduction
The fractional differential equation (FDE) plays a vital role in many
branches of science and engineering [1,2,3,4,5]. FDE has many applications
in the field of magnetism, sound waves propagation in rigid porous materials,
cardiac tissue electrode interface, theory of viscoelasticity, fluid mechanics,
lateral and longitudinal control of autonomous vehicles, ultrasonic wave
propagation in human cancellous bone, wave propagation in viscoelastic horn,
heat transfer, RLC electric circuit and so on.
In recent years, for solving time fractional differential equations, many
researchers have proposed powerful techniques to get an exact solution such
as, the sine-cosine method [6,7], G′/G expansion method [8], the Exp-function
method [31], the tanh method [30], the sub equation method [9,10], the
improved G′/G expansion method [12], the invariant subspace method, the
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generalized Riccati equation method [11], the modified Kudryashov method
[14,16,18,34,33,32,15,20,52,13] and so on.
Kudryashov method was introduced by Kudryashov [42] for reliable
treatment of nonlinear wave equations. For both integer and fractional order,
this method is widely used by many researchers such as [22,38,35,36,21,39].
In this work, we apply Kudryashov method to the time fractional generalized
Burgers-Fisher equation.
A nonlinear equation which is the combination of reaction, convection
and diffusion mechanism is called Burgers-Fisher equation. In the nonlinear
equation, the properties of convective phenomenon from Burgers and diffusion
transport as well as reaction kind of characteristics from Fisher are used.
The generalized Burgers-Fisher (GBF) equation is used in the field of fluid
dynamics. It has also been found in some applications such as gas dynamics,
heat conduction, elasticity and so on.
The aim of this work is organized as follows: In section 2, the algorithmic
procedure of generalized Kudryashov method (GKM) is proposed. In section
3, we apply the GKM to find the exact solutions of time fractional generalized
Burgers-Fisher equation. Power series method is applied to find the explicit
solution of the time fractional GBF equation in section 4 and section 5 ends
with conclusion.
2 Algorithm of the generalized Kudryashov Method
Let us consider a function u of two real variables, space x and time t, then
the NLPDE with fractional order can be written in the form of
P (u,Dαt u, ux, uxx, . . .) = 0 (1)
We illustrate the main steps of generalized Kudryashov method as follows:
In the first step, we obtain the traveling wave solution of Eq.(1) of the form:
u(x, t) = u(ξ), ξ = kx−
λtα
Γ [1 + α]
, (2)
where k and λ are arbitrary constants. As a result of this, we obtain a nonlinear
ODE in the following form:
N(u, u′, u′′, u′′′, . . .) = 0, (3)
where the prime indicates differentiation with respect to ξ.
In the second step, the exact solutions of the nonlinear ODE can be written
in the following form:
u(ξ) =
∑K
i=0 piR
i(ξ)∑N
j=0 qjR
j(ξ)
=
P [R(ξ)]
Q[R(ξ)]
, (4)
where R is 1
(1±eξ)
. Then
Rξ = R
2 −R. (5)
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Then we obtain
u′(ξ) =
P ′R′Q− PQ′R′
Q2
= R′
[
P ′Q− PQ′
Q2
]
= (R2 −R)
[
P ′Q− PQ′
Q2
]
, (6)
u′′(ξ) =
[
(R2 −R)
Q2
] [
(2R− 1)(P ′Q− PQ′)
+
(
R2 −R
Q
)
[Q(P ′′Q− PQ′′)− 2Q′P ′P + 2P (Q′)2]
]
, (7)
u′′′(ξ) = (R2 −R)3
[
((P ′′′Q− PQ′′′ − 3P ′′Q′ − 3Q′′P ′)Q
+6Q(PQ′′ +Q′P ′))(Q3)−1 −
6P (Q′)3
Q4
]
+3(R2 −R)2(2R− 1)
[
Q(P ′′Q− PQ′′)− 2Q′P ′P + 2P (Q′)2
Q3
]
+(R2 −R)(6R2 − 6R+ 1)
[
P ′Q− PQ′
Q2
]
(8)
and so on.
In the third step, we can explain the nonlinear ODE in the form:
u(ξ) =
p0 + p1R+ p2R
2 + . . .+ pKR
K + . . .
q0 + q1R+ q2R2 + . . .+ qNRN + . . .
(9)
By balancing the highest order nonlinear terms and the highest order
derivatives of u(ξ) in Eq.(3) we get some values of N and K.
In the fourth step, to calculate the constant pi and qj , substituting Eq.(4) into
Eq.(3), it provides a polynomial R(ξ). Establishing the coefficients to zero
provides a system of algebraic equations. Solving the system of equations, we
can find out the constant. By this way, the exact solution of Eq.(1) can be
found.
3 Applications
In this section, we apply the generalized Kudryashov method to the time
fractional generalized Burgers-Fisher equation.
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3.1 Time fractional generalized Burgers-Fisher Equation
Let us consider the time fractional generalized Burgers-Fisher equation
uαt + βu
δux − uxx = γu(1− u
δ) (10)
where 0 < α ≤ 1, α is the order of the fractional time derivative and β, γ, δ
are arbitrary constants. Now substituting Eq.(2) in Eq.(10), we obtain
k2u′′ + (λ− kβuδ)u′ + γu(1− uδ) = 0 (11)
Applying the folding transformation
u(ξ) = v
1
δ (ξ), (12)
we obtain the following equation which is similar to the most general form
of second order nonlinear oscillator equation [43,44] with many arbitrary
parameters. With some restrictions on the parameters, they found new
integrable equations and further it was discussed by [19].
k2δvv′′ + k2(1− δ)v′
2
+ (λ− kβv)δvv′ + γδ2(1− v)v2 = 0. (13)
Balancing the highest power of nonlinear terms of v′′ and v3, then
2K − 2N + 2 = 3K − 3M ⇒ K = N + 2. (14)
Let us choose N = 1,K = 3, then
v(ξ) =
p0 + p1R+ p2R
2 + p3R
3
q0 + q1R
, (15)
v′(ξ) = (R2 −R)
×
[
(p1 + 2p2R+ 3p3R
2)(q0 + q1R)− q1(p0 + p1R+ p2R
2 + p3R
3)
(q0 + q1R)2
]
,
v′′(ξ) =
(
R2 −R
q0 + q1R2
)[
(2R− 1)((p1 + 2p2R+ 3p3R
2)(q0 + q1R
2)
−q1(p0 + p1R+ p2R
2 + p3R
3))
+
(
R2 −R
q0 + q1R
)[
(q0 + q1R)(2p2 + 6p3R)(q0 + q1R)
−2q1(p1 + 2p2R+ 3p3R
2)(q0 + q1R)
+2(p0 + p1R+ p2R
2 + p3R
3)q21
]]
. (16)
The exact solutions of Eq.(11) are obtained as follows and there are two
cases to be considered.
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Case 1 For the choices of
p2 = p3 = 0, q0 = p0, q1 = 0, p1 =
k(1 + δ)p0
βδ
,
λ = k2 + kβ − γδ, k =
−βδ
(1 + δ)
and substitutes in Eq.(15), we get the equation
−β2δvv′′ + β2(δ − 1)v′
2
+ (β2 + γ(1 + δ)2)vv′ − γ(1 + δ)2v3
−(1 + δ)(γ + γδ + β2v′)v2 = 0. (17)
The solutions are,
v1(x, t) = 1−
[
1
1 + e
(
β2δtα+γδ(1+δ)2tδ−βδ(1+δ)xΓ (1+α)
(1+δ)2Γ (1+α)
)
]
(18)
and
v2(x, t) = 1 +
[
1
1− e
(
β2δtα+γδ(1+δ)2tδ−βδ(1+δ)xΓ (1+α)
(1+δ)2Γ (1+α)
)
]
. (19)
Then the exact solutions are,
u1(x, t) =
[
1−
sech
(
β2δtα+γδ(1+δ)2tδ−βδ(1+δ)xΓ (1+α)
2(1+δ)2Γ (1+α)
)
2e
(
β2δtα+γδ(1+δ)2tδ−βδ(1+δ)xΓ (1+α)
2(1+δ)2Γ (1+α)
)
] 1
δ
(20)
and
u2(x, t) =
[
1 +
cosech
(
β2δtα+γδ(1+δ)2tδ−βδ(1+δ)xΓ (1+α)
2(1+δ)2Γ (1+α)
)
2e
(
β2δtα+γδ(1+δ)2tδ−βδ(1+δ)xΓ (1+α)
2(1+δ)2Γ(1+α)
)
] 1
δ
. (21)
Case 2 Considering
p2 = p3 = 0, q0 = p0, q1 = 0, p1 =
k(1 + δ)p0
βδ
,
λ = k2 + kβ − γδ, γ =
−k2(δ − 1)
δ2
and substitutes in Eq.(15), we get the equation
kvv′′ − kβv′v2 +
(
k + β
)
vv′ = 0. (22)
The solutions are
v1(x, t) = 1 +
2k
β
(
1 + e
kxΓ(1+α)−(k2+kβ)tα
Γ (1+α)
) (23)
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and
v2(x, t) = 1 +
2k
β
(
1− e
kxΓ (1+α)−(k2+kβ)tα
Γ (1+α)
) . (24)
Then the exact solutions are,
u1(x, t) =
[
1 +
ksech
(
kxΓ (1+α)−(k2+kβ)tα
2Γ (1+α)
)
βe
(
kxΓ (1+α)−(k2+kβ)tα
2Γ (1+α)
)
] 1
δ
(25)
and
u2(x, t) =
[
1−
kcosech
(
kxΓ (1+α)−(k2+kβ)tα
2Γ (1+α)
)
βe
(
kxΓ(1+α)−(k2+kβ)tα
2Γ (1+α)
)
] 1
δ
, (26)
where δ = 1.
4 Exact Power Series Solutions
Based on the power series method [48,49,17] and symbolic computations [50,
51,46,45,47], we construct the exact power series solutions of Eq.(10) which
is differentiable. First we make use of a transformation
u(x, t) = u(η), η = kx−
λtα
Γ [1 + α]
, (27)
where k and λ are arbitrary constants with k, λ 6= 0. Substituting Eq.(27) into
Eq.(10), then we can get the nonlinear ODE
k2δvv′′ + k2(1− δ)v′
2
+ (λ− kβv)δvv′ + γδ2(1− v)v2 = 0. (28)
We suppose that Eq.(13) has the following solution:
v(ξ) =
∞∑
n=0
qnξ
n, (29)
where qn(n = 0, 1, 2, ...) are constants. Then, we have
v′(ξ) =
∞∑
n=0
(n+ 1)qn+1ξ
n, (30)
v′′(ξ) =
∞∑
n=0
(n+ 1)(n+ 2)qn+2ξ
n. (31)
Substituting Eq.(29),Eq.(30) and Eq.(31) into Eq.(28) and solving, we get
q2 =
1
2
[(δ − 1
δ
)q21
q0
−
λq1
k2
+
βq0q1
k
−
γδq0
k2
+
γδq20
k2
]
, (32)
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when n = 0. When n ≥ 1, we obtain
qn+2 =
1
(n+ 2)(n+ 1)
[(δ − 1
δ
) (n+ 1)q2n+1
qn
−
λ(n+ 1)qn+1
k2
+
β(n+ 1)qnqn+1
k
−
γδqn
k2
+
γδq2n
k2
]
. (33)
It is easy to prove the convergence of the power series Eq.(29) with the
coefficients given in Eq.(32) and Eq.(33). Therefore this power series solution
of Eq.(29) is an exact analytic solution.
Hence, the power series solution of Eq.(29) can be written as follows:
v(ξ) = q0 + q1(ξ) + q2(ξ
2) +
∞∑
n=1
qn+2ξ
n+2
= q0 + q1(ξ) +
1
2
[(δ − 1
δ
)q21
q0
−
λq1
k2
+
βq0q1
k
−
γδq0
k2
+
γδq20
k2
]
ξ2
+
∞∑
n=1
1
(n+ 2)(n+ 1)
[(δ − 1
δ
) (n+ 1)q2n+1
qn
−
λ(n+ 1)qn+1
k2
+
β(n+ 1)qnqn+1
k
−
γδqn
k2
+
γδq2n
k2
]
ξn+2. (34)
5 Conclusion
In this article, the time fractional generalized Burgers-Fisher equation
have been transformed into a nonlinear ordinary differential equation by
using folding transformation. The resultant equation is similar to the most
familiar general form of second order nonlinear oscillator equation with some
restrictions on the parameters. Then we applied generalized Kudryashov
method and also power series method to the resultant equation for finding
exact solutions. Plots are given for the exact solutions which show the
dynamics of solutions with suitable parametric choices.
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